Paradoxes in the impact dynamics of rigid bodies are known to arise in the presence of friction. We show here that, on specific occasions, in the absence of friction, the conservation laws of classical mechanics are also incompatible with the collisions of smooth, strictly convex rigid bodies. Under the assumption that the impact impulse is along the normal direction to the surface at the contact point, two convex rigid bodies that are well separated can come into contact, and then interpenetrate each other. This paradox can be demonstrated in both 2D and 3D when the collisions are tangential, in which case no momentum or energy transfer between the two bodies is possible. The postcollisional interpenetration can be realized through the contact points or through neighboring points only. The penetration distance is shown to be O(t 3 ). The conclusion is that rigid-body dynamics is not compatible with the conservation laws of classical mechanics.
Introduction
As is the case with dragons [1] , everyone knows that rigid bodies do not exist. Nonetheless, the study of the dynamics of rigid bodies can give valuable insights into the behavior of real compressible many-body systems. We refer to Brogliato [2] for a recent, broad account of this old, but still flourishing subject.
Systems of hard spheres, interacting via steric repulsion, have also received a great deal of attention in simulating soft-matter systems. The hard-sphere paradigm is the assumption that, to a good approximation, any simple liquid with strongly repulsive forces may be modeled as a system of hard spheres. Typically, in the hard-sphere paradigm, hard-sphere particles have no rotational degrees of freedom, and move in straight lines with constant velocity until they collide elastically; that is, by conserving linear momentum and kinetic energy. A current review is provided by Dyre [3] . By contrast, the dynamics of systems of nonspherical hard particles have received far less attention.
The dynamics of nonspherical particles have been addressed in a recent work [4] , extending the theory of the Boltzmann equation from hard spheres to general hard particles. Saint-Raymond and Wilkinson [4] suggest that it may not always be "possible to construct a family of scattering matrices corresponding to the collision of two nonspherical particles which conserves their total linear momentum, angular momentum and kinetic energy"; that is, the dynamics of nonspherical hard particles may not be fully compatible with the conservation laws of classical mechanics. The specific concern was that the dynamics prescribed by the conservation laws could, in rare instances, result in the interpenetration of the colliding bodies.
Paradoxes in the impact dynamics of rigid bodies have been known to exist for a long time. The classical balance laws of mechanics are not sufficient to solve the problem of impact between two rigid bodies, that is, to predict the motion of two colliding bodies after the impact, once their motion before impact is known. The classical balance laws must be supplemented by an additional impact (or collision) law, which is constitutive in nature and must ultimately be justified (or at least confirmed) experimentally. 1 As lucidly explained in Chapter 4 of Brogliato [2] , impact laws fall into three broad categories. They all relate mechanical properties of the colliding bodies before and after impact. What distinguishes the three categories is the nature of these properties: they may relate velocities, impulses, or kinetic energies. While the first two categories are classical, having already been introduced in the works of Newton and Poisson (see also Glocker [5] ), the third category is rather more recent in its inception: it was introduced by Stronge [6] to overcome paradoxes that arise in the presence of friction [7] [8] [9] . 2 These paradoxes showed instances in which Newton's law of impact would imply an energy gain. However, as also remarked by Stronge [6] , for smooth (frictionless) rigid bodies all three categories are equivalent and reduce to one and the same prescription, which is consistent with the conservation of linear momentum, angular momentum, and kinetic energy. The known paradoxes of impact dynamics simply evaporate as friction is neglected.
In this paper, we examine collisions of smooth, strictly convex hard particles, and conclude that although these almost always satisfy the conservation laws without interpenetration, there may occur rare events where, remarkably, this is not the case. We conclude, therefore, that the dynamics of strictly convex hard particles are, in general, not consistent with the conservation laws of classical mechanics. Alternatively, we could say that enforcing momentum conservation and rigidity in the instances shown here would violate energy conservation. This is the new paradox described in this paper.
The outline of the paper is as follows. Section 2, on conservation laws, establishes the connection between momentum transfer and the motion of rigid bodies. Section 3 provides a simple 2D paradigm, which illustrates the basis of the paradox in an elementary way. Section 4 is divided into two parts. The first part, Section 4.1, outlines how the surfaces of the colliding bodies are characterized, and how the distances between them are measured. The points neighboring the points of contact play an important role, and their relevant kinematics are described. The second part, Section 4.2, identifies specific collision scenarios, and classifies their behavior. The main result of the paper, that is, the inconsistency of rigid-body dynamics and the conservation laws of classical mechanics, is demonstrated. Section 5 summarizes our results. The paper is closed by four appendices. In particular, Appendix A gives one exact and analytically described example in 2D, and two numerical examples of collisions in 2D and 3D illustrating the inconsistency. Appendix B provides essential information on the explicit definitions of terms appearing in the main body of the paper. Appendix C provides a detailed derivation of the equations of motion, while Appendix D gives proofs of assertions made in the main body of the paper.
Conservation laws and collision dynamics
In this section, we consider the frictionless collisions of particles that are strictly convex rigid bodies of arbitrary but smooth shape. We assume that the closed bounding surfaces of the bodies are sufficiently smooth to allow all partial derivatives up to second order to be well defined at each point on the surface. We examine how two arbitrary but strictly convex rigid bodies, body 1 and body 2, change their momenta upon collision.
A collision is an event when particles interact and may exchange momentum. We consider collisions where the particles are well separated before collision, and, following their trajectories, come into a single point contact and can interact with each other. The interaction is via a hard core interaction potential, which is positive infinite if the particles interpenetrate, and zero otherwise. Since the particle energies are finite, interpenetration of one rigid body by another, where two particles have more than one point in common, is not possible. Thus, a collision is an event when two particles, which were well separated before, are in single point contact externally. Since the forces that the particles exert on each other are gradients of the potential, if forces are exerted, their magnitude is infinite. Since the momenta and kinetic energies are finite, collisions are necessarily instantaneous; that is, the impulse is a delta function in time.
In elastic collisions, linear and angular momenta and kinetic energy may be exchanged, but must be conserved. Unlike compressible bodies, rigid-body systems have no mechanism for dissipation, and since there is no potential energy except at the instant of the collision, kinetic energy must be conserved.
We assume that the bodies are frictionless; that is, the direction of the exchanged linear momentum is along the common normal to the two surfaces at the point of contact. If the impulse acting on body 1 is −αn 1 , where α is the magnitude of the impulse andn 1 is the unit outward normal at the surface of body 1 at the point of contact, then the conservation of linear momentum gives
where m 1 and m 2 are the masses of bodies 1 and 2 with centers of mass at r c1 and r c2 , v 1i and v 2i are the precollision and v 1f and v 2f are the postcollision velocities of the centers of mass. The bodies move freely in space: in the absence of collisions, linear momentum is unchanged, and the center of mass of each body moves with constant velocity. Conservation of angular momentum requires
where I 1 and I 2 are the moment of inertia tensors of bodies 1 and 2 about their centers of mass, ω 1i and ω 2i are precollision and ω 1f and ω 2f are postcollision angular velocities. The vector p is a body-fixed vector from the center of mass of body 1 to the point P in body 1 that is the contact point at the instant of collision, and q is a body-fixed vector from the center of mass of body 2 to the point Q in body 2 that is the contact point at the instant of collision. (We shall refer to the points P and Q in general as contact points, even though they are only in contact with each other at the instant of collision.) We note that, in the absence of collisions, angular momentum about the center of mass is unchanged. However, since in general the moment of inertia is changing owing to rotation, the angular velocity also changes in time. The angular acceleration in an inertial reference frame iṡ
in accordance with Euler's equations [10] . Finally, the conservation of kinetic energy requires that
We note that v Pi = v 1i + ω 1i × p and v Qi = v 2i + ω 2i × q are the precollision and v Pf = v 1f + ω 1f × p and v Qf = v 2f + ω 2f × q are the postcollision velocities of the contact points P and Q on bodies 1 and 2. Solving for α, we find two solutions. One solution is α = 0, corresponding to no momentum or energy transfer. The second solution is given by where
and I is the identity tensor. 3 The cross-products are of the vectors and the eigenvectors of the tensors in their canonical form. Equation (7) implies that the magnitude of the impulse, and of the exchanged momenta, is proportional to the normal velocity of approach of the contact points.
The velocity of separation is given by
It follows at once that
in agreement with Crawford [11] . That is, the postcollision speed of separation of the contact points along the normal is equal to their precollision speed of approach along the normal. This result is essential to our arguments below. We note that if the collision were not instantaneous, then during the collision the speed of separation would, for some instants of time, differ from the final speed of separation [12] . This would clearly violate energy conservation, since, unlike the case of interactions via soft potentials, energy cannot be stored as potential energy. Rigid-body collisions must, again, therefore be instantaneous.
In what follows, we distinguish two types of collision. In the first type, which we call "normal" collisions, the two particles approach each other with a nonzero normal velocity of approach of the contact points; here we note that α = 0. In this case, there is instantaneous momentum transfer, with the magnitude indicated in equation (7), and, in general, there is also energy transfer between the particles.
In the second type, which we call "tangential" collisions, the contact points approach each other along the tangent to the surfaces at the points of contact, and in this way come into contact with each other. Here α = 0, and in this case, there is neither momentum nor energy transfer.
A 2D paradigm
To gain some initial insight into the collisions under study, we consider, as an illustrative example, the tangential collision of an ellipse with an irregular convex body, shown in Figure 1 .
The collision occurs at time t = 0, the point of collision on body 1 is P and on body 2 it is Q. The x-axis coincides with the common tangent line at the contact points of the two bodies. For simplicity, we assume that body 1 is at rest. At time t = 0, the center of mass M of body 2 is at position r M , moving with constant velocity v M . Body 2 is also rotating with angular velocity ω, normal to the plane of the bodies. 3 The radius of curvature of body 2 at the point of contact is R 0 ; the center of curvature C is at position r C . We definex andŷ as unit vectors along the x-and y-axes, respectively. The velocity v Q of the point of contact Q is given by
If the collision is tangential, then v Q ·ŷ = 0, and we must have
but v M ·x is arbitrary. The acceleration a Q of the point of contact Q is given by
and its normal acceleration is
Since the relative normal velocity of the colliding bodies is zero, there is no momentum transfer; hence, body 1 remains at rest, and the motion of body 2 is unchanged after the collision.
It is interesting to consider the motion of the center of curvature C and of the circular arc near Q along the normalŷ. In general, the vertical position of C can be written, for time t, as
where v C is the velocity, a C is the acceleration, and j C is the jerk of C. The velocity v C of C along the normal is
which, owing to the choice of v M , is
The acceleration of C along the normal is
which vanishes in the special case when r C ·ŷ = r M ·ŷ.
In this special case, the vertical motion of C is given by
The normal component of the jerk can be readily shown to be
We see that for a clockwise rotation (negative ω), the normal component of the center of mass velocity v M of body 2 is toward body 1. The normal component of the jerk j C is negative, indicating that the center of curvature C is moving in the −ŷ direction and if |v M ·x| is sufficiently small, its equidistant circular arc in the vicinity of point Q necessarily penetrates body 1. This is the essence of our paradox. In certain situations, the distance between the colliding bodies is proportional to t 3 . It follows that, since the relative normal velocity is zero at the time of collision, there is no momentum transfer, since the bodies are rigid. The subsequent motion then leads to the interpenetration of rigid bodies-our paradox. We also provide, in Appendix A, an example of a nonuniform disk, corresponding to the circle indicated with dashed lines in Figure 1 , colliding with a stationary line, which allows for exact analytic description of the dynamics.
Below, we examine collisions in more detail.
Description of the dynamics

General description
Here we consider the motion of the points of contact on the colliding bodies, as well as of the points in the vicinity of the points of contact before and after collisions. We are interested in the compatibility of particle motion with the conservation laws; we are particularly interested in the separation and possible interpenetration of the two colliding particles.
A convenient way to describe the closed surface of a body is by a dimensionless scalar function G(t, r), representing level sets, such that, if r(t) is the position vector of a point on the surface of the body at time t, then G(t, r(t)) = 0.
The time t appears explicitly in the argument list to indicate that the position and the orientation of the body are, in general, changing in time. Ifn
is the outward pointing unit normal, then G(t, r(t)) < 0 indicates that the point designated by r(t) is inside the body, while G(t, r(t)) > 0 indicates that it is outside. Since we are interested, in addition, in the distances between bodies, we introduce the signed distance
where L is a suitably chosen length. We now inquire whether an arbitrary point r 2 (t) on the surface of body 2 at time t is inside, outside, or on the surface, described by F 1 (t, r(t)) = 0, of body 1.
As we are probing collision kinematics, we are primarily interested in the relative locations of the points of contact, but we are also interested in the locations of material points on the surface in the neighborhood of the contact points just before, at, and just after the collision. Owing to convexity, more distant points on the surface are also more distant from the tangent plane at the point of contact, hence we do not consider them here.
Except perhaps at the instant of collision, particles 1 and 2 are moving in space according to their force and torque-free equations of motion; that is, with constant linear and angular momenta, conserving kinetic energy. Their constants of motion, before and after the collision, are determined by initial conditions. The position vector of the point of contact P on body 1 is given by
and similarly, the position vector of the point of contact Q on body 2 is given by
We introduce the body-fixed small vector ε(t), from the point Q to a neighboring point on body 2. We constrain ε to be small by requiring that κε 1, where κ is the maximum curvature of the normal sections of the surface at the point of contact. The position vector of this point is
( 2 7 ) We indicate the position of a point on the surface of body 2 in the vicinity of Q by the "+" sign on the subscript of r Q+ . It is useful to write ε Q as ε Q =−ε n 2 + ε ⊥ , (28) wheren 2 is the outward unit normal to body 2 at Q, ε > 0 owing to convexity, ε ⊥ is perpendicular ton 2 , and ε = O(ε 2 ⊥ ), as shown in Appendix B. As the bodies move, points on the surfaces of the two bodies change their positions in space. The position r(t) of an arbitrary point on the surface of a body can be expanded in Taylor series about t = 0 to give
...
where v, a, and j are the velocity, acceleration, and jerk. We note here that in collisions where the relative normal velocity is not zero, the coefficients of the powers of t may differ before and after the collision. If this is the case, we will indicate precollision values of t by t − , and postcollision values of t by t + . Explicit expressions for these in the free motion of rigid bodies are given in Appendix C.
To determine whether a point on the surface of particle 2 with position vector r 2 (t) has penetrated body 1, we evaluate F 1 (t, r 2 (t)).
It is useful to choose a specific form for F 1 (t, r Q (t)). The surface of a smooth convex body in the vicinity of a point on the surface can be well described by the normal to the surface, the two principal curvatures, and the associated principal directions in the tangent plane. We choose, therefore, F 1 (t, r) such that, in the vicinity of the point r P , one has
where n 1 (t) = ∇G 1 is the outward normal, and we have chosen the length L = 1/|n 1 |. The symbols κ 1x and κ 1y , both strictly positive, are the principal curvatures, andx 1 (t) andŷ 1 (t) are the corresponding eigenvectors. The Hessian of F 1 is
and so
The function F 1 (t, r(t)) measures a signed distance between the point designated by r(t) and the surface of body 1.
To indicate points in the vicinity of the point Q at the time of collision, we write
where
We then have
To study the approach and separation of the colliding bodies, we evaluate F 1 (t, r Q+ (t)) as a function of time.
The collision occurs at time t = 0; hence, we expand F 1 (t, r Q+ (t)) in a Taylor series about t = 0:
Substitution gives
and we note that all quantities on the right hand side of equation (37) are evaluated at t = 0. In the case of normal collisions, the velocities v P and v Q , as well as the angular velocities ω 1 and ω 2 , change instantaneously at the instant of collision. We therefore distinguish between precollision values at t = 0 − , and postcollision values at t = 0 + . In the case of tangential collisions, the velocities v P and v Q and the angular velocities ω 1 and ω 2 do not change, and the distinction is not required.
We next write the expression for F 1 (t, r Q+ (t)) in standard form,
refers to the distance of a neighbor point of point Q, defined by ε ⊥Q from body 1. The index number before the subscript ε denotes the power of ε ⊥ appearing in the expression. Explicitly, the constants in equations (38) and (39) for the point of contact Q are
and the additional terms for the neighboring points are
The higher-order terms have been omitted to save space, as they are not relevant to our development next. Higher-order terms in equation (39) are given in Appendix B for completeness.
Analysis of collisions
We assume throughout that the bodies are well separated before the collision; that is, at t < 0, there are no shared points.
We now consider the values taken by F 1 (t, r Q+ (t)) during the collision. We begin with the general expression
At the instant of collision, f (ε ⊥Q , 0) = x 2εQ ε 2 ⊥ . Neighboring points of Q on the surface of body 2 for which f (ε ⊥Q , t) = 0 are the point Q, when ε ⊥ = 0, and the points for which
Since
and
equation (48) represents a closed curve on the surface of body 2, containing the point Q, and expanding in time.
The shape of the curve resembles a figure of eight ( Figure 2 ): one loop corresponding to t < 0, the other to t > 0. The curve may be regarded as representing the intersection of two bodies before, at, and after collision, at small times t, if there were no motion of the point Q. Points on the surface of body 2 inside these loops are in the interior of body 1, points outside of the loops are outside. The points which penetrate the deepest into body 1 are those for which f (ε ⊥Q , t) is at a minimum with respect to ε ⊥ , that is, such that
For these points
which represents a smaller figure of eight than that given by equation (48). For this extreme set of points, we obtain, on substitution,
and we see that the contribution of neighboring points is, to leading order, quadratic in time. Now we write, for the potentially most deeply penetrating neighboring points on both bodies,
where the maximum is taken over all possible directionsε ⊥ , and j * Q+ (or, respectively, j * P+ ) designates the jerk for the most deeply penetrating point in the set of Q (or, respectively, P) and its neighbors. We have also established that The proof of the latter is given in Appendix D. These relations allow us to analyze the problem without bias on choice of body or of points. We next use these results in the following arguments.
Normal collisions: C
It changes sign during the collision, so v Qf =−v Qi , and thus v Q t > 0 both before and after the collision. It follows that for point Q
and hence, in a normal collision, the contact point Q approaches body 1, comes into contact with the point P, then recedes. Convexity prevents the neighboring points from contact with body 1, as shown by
The same argument holds for point P and its neighbors on body 1. This scenario can be realized in the 2D paradigm if v M ·ŷ < ω × r M ·ŷ.
Tangential collisions: C
This is an occasional event: the normal component of the velocity difference of the contact points must vanish at the instant of collision. As shown by equation (7), there is no momentum transfer; hence, there are no changes in either the linear or the angular velocities. The postcollisional behavior is indicated by the next terms in the expansion, as analyzed below.
ε /2x 2ε max , then for the potentially most deeply penetrating neighboring points
The coefficient of the quadratic term is positive, and for small t, the point Q and its neighbors do not penetrate body 1. The same argument holds for point P and its neighbors on body 1. Thus there is no interpenetration of two bodies either before or after the collision. This case corresponds to the 2D paradigm if r C ·ŷ < r M ·ŷ.
ε /2x 2ε ) max , then for the potentially most deeply penetrating neighboring points
For small t, there is penetration of body 1 by Q or its neighbors before and after the collision. This implies that the bodies were not well separated before the collision, hence the initial conditions leading to this collision cannot be realized. This case corresponds to the 2D paradigm if r C ·ŷ > r M ·ŷ.
Case C 00 : A paradox! If a = v 2 ε /2x 2ε max , for the potentially most deeply penetrating neighboring points we have
If the cubic terms don't vanish, then we face a paradox: the two bodies, initially well separated, come to rest at the instant of collision t = 0, and begin to move and interpenetrate after the collision. This is our key result: the dynamics of freely moving convex bodies can bring them into contact so that the separation between them is cubic in time. At the instant of collision, the velocity of approach is zero; hence, for rigid bodies there can be no momentum exchange. The motion continues, and since the relative acceleration is also zero, the continuing motion leads to interpenetration. This case corresponds to the 2D paradigm if r C ·ŷ = r M ·ŷ. Specific examples are provided in Appendix A. Below, we discuss the three different types of paradoxes that can arise for the two bodies, distinguished by the contact point behavior.
Type I: a P > 0, a Q > 0. For the distance of P and Q from the opposite body, we have
Both contact points P and Q approach the other body, and come into contact, and recede from the other body. In this case, the immediate interpenetration of two bodies is only through the immediate neighboring points of P and Q. This can be realized in the 2D paradigm if v M ·x = 0.
Type II: a P = 0, a Q > 0. In this case, for the distance of P and Q from the opposite body, we have
The contact point P on body 1 and its immediate neighbors enter body 2 following the collision. The contact point Q on body 2 approaches, comes into contact, and recedes from body 1. The penetration into body 1 is through immediate neighboring points of Q. This can be realized in the 2D paradigm if v M ·x = 0.
Type III: a P = 0, a Q = 0. In this case, for the distance of P and Q from the opposite body, we have The contact points P and Q, together with their immediate neighbors, both enter the opposite body following the collision. This scenario cannot occur in the 2D paradigm when one body is at rest. We illustrate this example by the following special case. We consider the case with the additional constraint that the relative tangential velocity is also zero; that is, v Q − v P = 0. This only makes the conditions v Q = a Q = v εQ = 0 more easily realizable in simulations. As before, for small t, F 1 (t, r Q+ (t)) > 0 before the collision and F 1 (t, r Q+ (t)) < 0 after the collision, indicating that initial conditions for such a collision may be realized. With the additional constraint v Q − v P = 0; however, the condition a = 0 requires thatn 1 · (v Q −v P ) < 0. This cannot be achieved for convex bodies in 2D. Interestingly, for freely moving homogeneous ellipsoids, a ·n ≤ 0. The proof of this is provided in Appendix D. Consequently, the conditionn 1 · (v Q −v P ) < 0 cannot be achieved with ellipsoids. To demonstrate such a collision, showing the penetration of point Q into body 1, and point P into body 2, we have constructed an example of a collision between an ellipsoid and a superellipsoid, where the ellipsoid penetrates the superellipsoid after the collision. The details are given in Appendix A and the corresponding motion is rendered in the accompanying movie.
The family of collisions corresponding to the various constraints are shown in the flowchart of Figure 3 .
Conclusion
We have considered the collisions of smooth, strictly convex rigid bodies in 2D and 3D. There are two types of collision: the usual normal collisions, and the less usual tangential collisions.
In the case of normal collisions, when the velocity of approach of two contact points has a nonvanishing component along the normal to the surface at the point of contact, there will be momentum transfer between the two bodies, and the contact points separate immediately after the collision. Furthermore, owing to the strict convexity assumption, domains of points surrounding the contact points on two surfaces also separate immediately after the collision. More distant points cannot penetrate the other body in zero time, since velocities are finite. Hence, there is no interpenetration of bodies immediately after collision in the case of normal collisions.
In the case of tangential collisions, when the contact points approach each other with a nonzero finite velocity only along the tangent to the surfaces at the point of contact, then there is no momentum transfer, and the two bodies pass each other without any interaction. Our analysis shows that under certain circumstances, interpenetration occurs immediately after the collision; this is our paradox. Simple illustrative examples are given in 2D where one convex body collides with another at rest. We distinguish three different types of interpenetration, characterized by the behavior of the contact points. We have shown that the conservation of momentum and energy lead to the interpenetration of nonspherical convex rigid bodies, which violates their impenetrability. We conclude therefore that the dynamics of strictly convex rigid bodies is not consistent with the conservation laws of classical mechanics. Specifically, the inconsistency means that the conservation laws (conservation of linear and angular momentum, and of energy) and rigidity (with necessarily instantaneous collisions with infinite force and the conservation of kinetic energy) cannot hold simultaneously in all collisions. We have enforced the conservation laws in our approach, and observed that on some occasions rigidity is violated. Alternatively, we could have enforced momentum conservation and rigidity, and could have shown that, on some occasions, energy conservation is violated, thus making our paradox for smooth rigid bodies akin to those already known for rough rigid bodies.
The physical origins of the inconsistency are associated with the unrealistic hard interaction, which prevents the (temporary) storage of energy in the interaction potential. In the cases considered here, where jerk dominates, the contact points behave as though they experience a time-dependent force that is linear in time, giving rise to zero speed and acceleration but nonzero jerk at t = 0, followed by motion with acceleration in the same direction. In such a situation, a soft body would respond by gradually deforming after the collision, and temporarily storing or dissipating energy in the deformation as a function of time. This behavior is disallowed for rigid bodies, where kinetic energy alone must be conserved.
For nonconvex rigid bodies, the collision dynamics would be much more complicated and we have not considered it here.
In conclusion, we have presented a new paradox: as shown by our theory and illustrated by examples, the dynamics of smooth convex rigid bodies is not consistent with the conservation laws of classical mechanics.
1.
Many such laws have been proposed in the past: in particular, we refer the interested reader to Chatterjee [13, 14] , where new laws are advanced and are also contrasted with the vast repertoire of pre-existing laws.
2.
Other paradoxes arise in the dynamics of colliding rigid bodies, but they pertain more to the laws of friction than to the laws of impact. Among these, we just mention the impact variant of the Painlevé paradox [15, 16] . 3.
The product a × B × c, where a and c are vectors, and B is a tensor, is a tensor with Cartesian components ε αβγ a β B γ δ ε μδν c ν , where ε αβγ is the Levi-Civita symbol.
4.
For convenience, we use the 3D vector product here, although both bodies are in 2D.
5.
In Cartesian components, the right hand side of equation (112) would read ε αβγ ω β I γ δ − I αβ ω γ ε δβγ .
A. Examples
A.1. 2D example: Collision of a nonuniform circle and a rigid wall
Here we provide a 2D example, where the details of the collision are given exactly in analytic form. Consider a disk of radius R 0 with a nonhomogeneous mass distribution, such that the location of the center of mass M of the disk differs from its geometric center C. (This is equivalent to replacing body 1, the homogeneous ellipse, in Figure 1 in Section 3, by an inhomogeneous circular disk, and replacing the boundary of body 2 by a straight line.) The moving disk collides with a line at rest along the x-axis in an inertial frame (Figure 4) . The points of contact at the instant of collision are P in body 1, and Q in body 2. We denote by θ the angle that the vector r C makes withŷ, and and θ M is the angle that vector r M makes withŷ. That is,
and similarly,
We consider the case when the collision is tangential, that is, the normal velocity of the point on the disk in contact with the line is zero. Hence, there is no momentum transfer, and the disk will move with constant linear and angular velocity. We are particularly interested in the motion of points Q and C. Rigid-body kinematics prescribes that
where v Q and v M the velocities of the points Q and M. Then
and this can be integrated at once to give
where we have assumed that Q is at the origin at the instant of collision t = 0. The tangential collision at t = 0 implies v My =−ωr M sin θ M (0). A nonhomogeneous disk (body 2) of radius R 0 colliding with a wall (body 1) in an inertial frame. M is the center of mass of the disk, which differs from its geometric center C. Q is the contact point on the disk. P is the contact point on the line, which we designate as the origin. The contact normal of body 1 is along theŷ direction. The disk is moving with linear velocity v C , and rotates with angular velocity ω.
Similarly, for C,
we have
Integration gives (on taking θ(0) = 0)
Equations (83) and (84) completely and exactly describe the motion of the disk. We now examine the motion of the bottom of the disk relative to the line. Here only the y-component matters, and we have, for small t,
If r M cos θ M (0) > R 0 , then C y − R 0 > 0 for any small t = 0, which indicates that there is no interpenetration of the disk with the wall either before or after the collision, corresponding to case C 0+ .
If r M cos θ M (0) < R 0 , then C y − R 0 < 0 for any small t = 0, indicating that there is interpenetration of the disk by the wall both before and after the collision, corresponding to case C 0− .
If r M cos θ M (0) = R 0 , and ω < 0, then this leads to our paradox, C 00+ . For this 2D example, we further construct the Type I and Type II paradoxes. We look at the motion of Q. Here only the y-component matters, and we have, for small t,
Since Q y (t) > 0 for small t, Q stays above the line; it does not penetrate body 1.
We now look at the position of P relative to the disk. Since the intersection of the disk with the x-axis, where y = 0, occurs at the points
We distinguish two cases.
If v Mx = 0, at short times, the term linear in t dominates, and both intersection points are either positive or negative; they are both on one side of P. Thus P doesn't penetrate the disk, body 2, immediately after the collision. In this case, the interpenetration is through neighboring points of P and neighboring points of Q only. This corresponds to our Type I paradox.
If v Mx = 0, the term of order t 3/2 dominates, and one intersection point is positive, and the other is negative; they bracket P. Thus both the point P and its immediate neighbors enter the disk, but only the points neighboring Q in the disk penetrate body 1. This corresponds to our Type II paradox.
We remark that we cannot construct the Type III paradox in this example, where, in 2D, one of the bodies is stationary. A brief video is available at http://www.math.kent.edu/∼zheng/papers/animationDisk.gif
A.2. 2D example: Collision of two ellipses
We note that here, and in subsequent examples, we give initial conditions with machine precision to enable interested readers to duplicate our simulation, and verify our results.
Both This is the Type II paradox, when one contact point flies away, and the other contact point enters the opposite body. A brief animation (of which Figure 5 shows the collision time) is available at http://www.math.kent.edu/∼zheng/papers/animation2D.gif Figure 6 . The configuration of the superellipsoid and ellipsoid at the time of collision. The body-fixed vectors p and q meet at the contact point. The vectors with dashed lines from the centers of the two bodies represent angular velocities, and the third solid arrow from the center of the ellipsoid represents the velocity of its center of mass. Immediately after the collision, the point P and its neighbors penetrate body 2, the ellipsoid, and the point Q and its neighbors penetrate body 1, the superellipsoid. A link to an animation of the collision is provided at http://www.math.kent.edu/∼zheng/papers/animation3D.gif.
A.3. 3D example: Collision of a superellipsoid and an ellipsoid
The first body is a superellipsoid described by the equation The angular velocity of ellipsoid 2 is (0, 0, 1). This is a Type III paradox, where both contact points penetrate the opposite body. We also note that if we let the ellipsoid spin with respect to its long axis with any other angular velocity, then this will correspond to a Type II paradox; the contact point on the ellipsoid won't penetrate the superellipsoid. A brief animation (of which Figure 6 shows the collision time) is available at http://www.math.kent.edu/∼zheng/papers/animation3D.gif. There the collision between the superellipsoid and the ellipsoid features on the left; the animation on the right is an enlargement of the region near the contact points P and Q. The penetration of the superellipsoid into the ellipsoid can be clearly seen in the enlarged region on the right.
B. Essential information
B.1. Epsilon
Since ε Q denotes a neighboring point of Q, it must lie on the surface of body 2. It must therefore satisfy
Writing
B.2. Summary of standard form
The standard form of F 1 (t, r Q+ (t)) for small t is
for the point of contact Q, and
and and
for the neighboring points, where
The figure-of-eight pattern formed by the intersection of the two bodies is shown in Figure 7 at different times from above and below.
C. Information to satisfy completeness
C.1. Describing the motion
Here we look at the coefficients in the Taylor series expansion of the positions of points on the two bodies as functions of time.
The bodies are moving with constant linear and angular momentum, conserving kinetic energy. If the position of a point on the surface of one body is r(t), then we have for the instantaneous velocitẏ
where ρ = r − r c is a body-fixed vector, from the center of mass of the particle to the point in question on the body. Continuing, we have for the instantaneous acceleration
We note thatr c = 0, owing to linear momentum conservation. Angular momentum conservation gives (Euler's equations in the laboratory frame),ω
where I is the moment of inertia tensor, and
Substitution givesr
(115) Continuing gives the instantaneous jerk ...
where, by equation (111),
andω andİ are given by equations (111) and (112) respectively. By substitution into equation (116), we have an explicit expression for the jerk.
C.2. Kinetic equations
The main equation can be derived at once from first principles.
D. Proofs of selected claims
From previous analysis, for the potentially most deeply penetrating neighboring point on body 2, we have
The maximum of v 
To make our presentation simpler, we denote
Then direct substitution ofε * ⊥Q gives
Similarly, for the potentially most deeply penetrating neighboring point on body 1, we have
v εP =n 2 × (ω 1 − ω 2 ) ·ε ⊥ + (v P − v Q ) · H 2 ·ε ⊥ .
We denote
Using the fact thatn 2 =−n 1 , (140) we have 
D.2. Proof of a P · n < 0 for a uniform ellipsoid
Here we compute the normal acceleration of a point on the boundary of a freely moving ellipsoidal body. The equation of the surface is given by
where p = p xx + p yŷ + p zẑ is the vector from the center of mass to a point p on the surface, and 
where a, b, c are the semi-major axis lengths. The acceleration of a point on the surface of the ellipsoid is given by
It follows at once that the component of the acceleration a P in thep direction is nonpositive; that is
We write 
